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required between particles to solve the PDEs governing the problem [2]. The oldest mesh-less particle
method is Smoothed Particle Hydrodynamics (SPH),
which was invented in 1970s to study the astrophysical
problems including compressible, inviscid flows [3, 4].
Using the unique features of SPH (Lagrangian and
mesh-less) make it attractive in different engineering
fields, especially hydrodynamics. The main advantage
of the relatively computationally expensive SPH over
RANS solvers is its ability to capture complex free
surface flows [5]. SPH has proved to be a successful numerical method in modeling violent free surface
flows [6].
Incompressible fluids in SPH can be modeled either
by relating the fluid pressure to particle density by
using a stiff equation of state, or by solving Poisson’s
equation to determine the pressure; the two methods
are known as weakly compressible SPH (WCSPH) [7]
and incompressible SPH (ISPH) [8], respectively. In
the ISPH method, a common approach to solve the
Poisson’s equation is to solve a set of algebraic equations implicitly, but Hosseini et al. [9] proposed an
explicit method to solve the Poisson’s equation that
doesn’t require solving a set of algebraic equations
at each time step. Eulerian based CFD methods
on other hand do not directly link density variation
to pressure. Rather the mass conservation and momentum equations are used to calculate the pressure.
WCSPH and ISPH methods are both adept at implicitly including complex free-surfaces, without the need
for volume-of-fluid (VOF) or level-set (LS) approaches
in RANS. On the other hand, viscosity terms and
solid boundary conditions can be more challenging to
implement in the SPH methods compared to Eulerian
based CFD methods.
The wave overtopping on a horizontal deck is of
interest to many engineering applications, such as ship
decks, FPSO units [10] and coastal structures [11].
The unsteady loads from the wave overtopping can
significantly damage an offshore device [12] and better
understanding of wave overtopping loads is needed.
More information on wave overtopping can be found
in [13, 14].
In this paper, the numerical results of explicit ISPH

Fluid-structure interactions associated with
wave overtopping are of significance to many
engineering applications. Unsteady wave overtopping loads can lead to significant damage or
even failure of the structure. Wave overtopping is a challenging problem to study, since it
includes complex phenomenon, such as large
deformation of the free surface, air entrainment and turbulence.
Recently, Lagrangian meshless particle
methods such as Smoothed Particle Hydrodynamics (SPH) have become an alternative
to conventional Eulerian mesh-based methods
for studying complex free surface flows. The
purpose of the current study is to compare
the performance of the explicit incompressible Smoothed Particle Hydrodynamics (SPH)
method with experimental data and previous
available numerical results for simulation of
wave overtopping on a horizontal deck. The
free surface profile at different locations and
horizontal velocities at the leading edge of
the deck, calculated by explicit ISPH method,
show good agreement with the experiment and
previous numerical study.
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Introduction

Mesh-less methods were developed to solve problems
such as free surface flows with breaking and fragmentation for which conventional CFD methods could
not easily be applied [1]. In these methods, a set of
discrete particles are scattered over the domain and
its boundaries [2]. There is no connectivity (grid)
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modeling of wave overtopping on a horizontal deck are
compared with the experimental data presented earlier by Cox et al. [14]. The results are also compared
to volume-of-fluid (VOF) numerical method available
in [13].
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Methodology
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In the SPH method, the Lagrangian description of
the Navier-Stokes equations are solved for each single
fluid particle which represents a finite volume of fluid
about a point. The governing equations include the
conservation of mass and momentum equations:
1 Dρ
+∇·u=0
ρ Dt

(1)

1
Du
= − ∇p + g + ν∇u2
Dt
ρ

(2)

Figure 1: Sketch of the kernel support domain (S) and
neighboring particles.
The first order derivative is defined as: [16]:
(∇A)i = ρi

where ρ is the fluid particle density, u is the particle
velocity vector, t is time, p is the particle pressure,
g is the gravitational acceleration vector and ν is the
kinematic viscosity. In this method, the domain and
its boundaries are represented by discrete volumes of
fluid (particles), in which each particle carries material properties, such as velocity, density and viscosity.
The flow quantities are interpolated over the predefined neighboring particles using a smoothing function (kernel). The kernel determines the contribution
of neighboring particles on the particle of interest’s
property. The kernel approximation of A(r) in SPH
is written as:
Z
A(r) ≈ A(x)W (r − x, h)dx
(3)

mj (

Aj
Ai
+ 2 )∇i Wij
2
ρj
ρi

(5)

The second order derivative adopted here is [8, 9]:
N

X
Aij rij · ∇i Wij
8mj
1
(
∇ · ( ∇A)i =
)
2 + η2
2
ρ
(ρi + ρj )
rij
j=1

(6)

where rij = ri − rj , Aij = Ai − Aj and ∇i Wij is the
gradient of the kernel function at particle i.
The explicit ISPH method [9] is used for this study.
This approach is based on the two step projection
method that is widely used in Eulerian based methods
[8]. In the prediction step, the intermediate velocity is
calculated using the viscous and body forces, without
pressure force:

Ω

mj
Ai =
Aj W (r − rj , h)
ρj
j=1

X
j

u∗ = u(t) + ∆t(g + ν∇u2 )

where r is the location vector, A(r) is the function
of interest at location r, W is smoothing function or
kernel defined over domain of interest Ω, and h is
the smoothing length which defines the kernel radius
(figure 1). The particle approximation of the above
integral is obtained by replacing the integral with
summation (finite number of particles) as:
N
X

r

j

(7)

r∗ = r(t) + ∆tu∗
∗

(8)
∗

where u is the intermediate velocity and r is the
intermediate position. In the correction step, the incompressibility condition is achieved by correcting the
velocity using the pressure force as:
1
u(t + ∆t) = u∗ + ∆t(− ∇p)
ρ

(4)

(9)

By taking the divergence of equation 9 and forcing
∇·u(t+∆t) = 0, one can obtain the pressure Poisson’s
equation which should be solved for pressure at each
time step.
∇p
∇ · u∗
∇·(
)=(
)
(10)
ρ
∆t

where mj is the mass of particle j in the neighborhood
of particle i and ρj is the density of particle j (figure
1). In this study, the fifth order Wendland kernel
[15] is used and smoothing length is set to h = 1.2dr,
where dr is the interparticle distance (figure 1) . Also,
the following formulations are adopted for the first
order and second order spatial derivatives.

By using equation (6), the Poisson’s equation (10) in
particle form can be written as:
2
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N
X
j=1

8mj (

1
(pij rij ) · ∇i Wij
=
)2
2 + η2
ρi + ρj
rij
N

(11)

−1 X
Vj u∗ij · ∇i Wij
∆t j=1

Figure 2: Numerical wave tank.

where pij = pi − pj , rij = ri − rj and η is a small
number. The standard approach to solve the Poisson’s equation pressure is an implicit approach. In the
implicit approach, at each time step, a set of algebraic
equations is solved to find the pressure: i.e. equation
(11) will be a system of equations such as, Ap = b,
where pij = pn+1
− pn+1
(n is the current time step),
i
j
b is the right-hand side vector and A is the coefficient
matrix for each particle.
In this paper, the explicit approach [9] is adapted to
solve the Poisson’s equation. In the explicit approach,
at time n + 1 the pressure for particle i; pn+1
, is cali
culated based on the pressure at neighboring particles
at time n; pnj (i.e. in equation (11), pij = pn+1
− pnj
i
n+1
and the only unknown will be pj ). By using the
explicit approach, solving a set of algebraic equations
is not required in each time step; however, a smaller
time step must be adopted for accuracy.
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(a) pressure at t = 5.7s

Results
(b) velocity at t = 5.7s

The important parameters of Cox’s experiment [14]
are summarized herein-more details can be found in
[14]. The experiment includes a piston wavemaker
and the still water depth is 0.65m. The horizontal
deck is 0.61m long and 0.0115m thick. The leading
edge of the deck is located at x = 8m from the
wavemaker and at y = 0.0525m above still water.
The wavemaker signals consists two waves of period
T = 1.0s followed by two and a half waves of period
T = 1.5s [14]. In order to save computational costs,
dimensions of the numerical wave tank are set to
L = 18m and H = 1m, figure 2. The fluid particle dimensions are set to dx = 0.0125m and dy = 0.0125m
which leads to 79932 total particles. Fixed dummy
particles are used for the boundary particles as in [9].
A damping zone used in [18] was adopted in this work
at the end of the wave tank in order to absorb the
wave reflection. The time step is set to ∆t = 0.0005s
for numerical simulations.
The explicit ISPH simulation of the numerical wave
tank for the case with deck at t = 5.7s and t = 10.7s
are shown in figure 3. The particles are colored for
each case by their pressures and velocities, respectively.

(c) pressure at t = 10.7s

(d) velocity at t = 10.7s

Figure 3: Explicit ISPH simulation of numerical wave
tank with deck.
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Figure 4: Time history of free surface at different
locations obtained from explicit ISPH and plotted vs
experimental data [14] and numerical results [13].
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The numerical free surface positions at five locations for the case without the deck are calculated
based on the explicit ISPH method and shown in
figure 4. It is shown that the time histories of the
free surface at these locations are in good agreement
with experimental measurements [14] and available
numerical data [13].
Figure 5a shows the vertical variation of the horizontal velocity in the absence of the deck at four time
steps compared with the experimental measurements
[14] and previous numerical [13] data. In order to extract the horizontal velocity, the interpolation points
were added at the leading edge of the deck, x = 8m,
and the Wendland kernel [15] was applied in order to
obtain the velocities at those points.
Figure 5b shows the vertical variation of the horizontal velocity in the presence of the deck at four
time steps compared with previous numerical data in
[13] and the experimental measurements in [14]. At
t = 10.22s the wave hasn’t reached the deck and the
horizontal velocity is close to the case without the
deck. At t = 10.58s and t = 10.7s the wave has
already reached to the deck and the separation in the
velocity is clear. At t = 10.58s the maximum velocity
occurs above the deck while at t = 10.7s maximum
occurs below the deck. The horizontal velocity below the deck at t = 10.58s is smaller than the case
without deck while this is vice versa at t = 10.7s. At
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Figure 5: Vertical variation of the horizontal velocity
u (m/s) at leading edge of the deck, x = 8m.
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t = 11.18s wave has passed the deck and the velocities
are close to the values without the deck.
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